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Abstract
In a recent paper, Lagarias, Reeds and Wang established a characterization of spectra and
tilings that can be used to prove a conjecture of Jorgensen and Pedersen by Keller’s criterion.
Different techniques to prove these facts have also been developed by Kolountzakis, Iosevich
and Pedersen. The primary aim of this paper is to present an elementary method of describing
certain characterizations of spectra and tilings. To illustrate this method, we ﬁrst give a simple
proof of this characterization. We then use the method to derive some characteristic results
connected with the dual Fuglede’s spectral-set conjecture. The results here extend several
known conclusions in a simple manner.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let OCRn have positive Lebesgue measure mðOÞ40: The inner product and the
norm on L2ðOÞ are
/ f ; gSO ¼
Z
O
f ðxÞgðxÞ dx and jj f jj2O ¼
Z
O
j f ðxÞj2 dx:
We write elðxÞ :¼ e2pi/l;xS for xARn: If there exists a discrete subset L of Rn such
that EL :¼ felðxÞ : lALg is an orthogonal basis for L2ðOÞ; then O is called a spectral
set and ðO;LÞ is called a spectral pair. The set L is then called a spectrum for O: For
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convenience, we follow the terminology of [15], and consider the packing and tiling
in Rn by compact set O of the following kind.
A compact set O in Rn is a regular region if it has positive Lebesgue measure, is the
closure of its interior O0; and has a boundary @O ¼ O\O0 of measure zero.
If O is a regular region, then a discrete set L is a packing set for O if the sets
fOþ l : lALg have disjoint interiors, or the intersection ðOþ lÞ-ðOþ mÞ for lam
in L have measure zero. It is a tiling set if, in addition, the translates fOþ l : lALg
cover Rn up to measure zero. In these cases, we say Lþ O is a packing or tiling of Rn
respectively. We also call ðO;LÞ a packing pair or a tiling pair, respectively.
In their investigation and study of a problem of I.E. Segal and Fuglede’s spectral-
set conjecture, Jorgensen and Pedersen [9] conjectured that ð½0; 1
n;LÞ is a spectral
pair if and only if ð½0; 1
n;LÞ is a tiling pair. They established the conjecture for
dimension np3 and for all n when L is a discrete periodic set. Subsequently,
Lagarias et al. [15] related the spectra of sets O to tilings in the Fourier space, and
obtained the following characterization of spectra and tilings, which also sheds some
light on the dual Fuglede’s spectral-set conjecture that L is a spectrum if and only if
L is a tiling set (see Conjecture 2 in [9]).
Theorem 1. Let O be a regular region in Rn; and let L be such that the set of
exponentials EL is orthogonal for L
2ðOÞ: Suppose that D is a regular region with
mðDÞmðOÞ ¼ 1 such that Lþ D is a packing of Rn: Then L is a spectrum for O if and
only if Lþ D is a tiling of Rn:
It is well-known that if Lþ ½0; 1
n is a tiling of Rn; then each distinct l; mAL has
li  miAZ\f0g for some i; 1pipn (Keller’s criterion). Taking O ¼ D ¼ ½0; 1
n; the
above Theorem 1 shows that the conjecture of Jorgensen and Pedersen holds.
Iosevich and Pedersen [7] later and independently established the above-mentioned
conjecture of Jorgensen and Pedersen by a different approach basing on the
geometric argument, which is analogous to the argument used by Perron [20] in his
proof of Keller’s conjecture for dimension np6: Kolountzakis [11] gave an
alternative proof of this fact, which is based on a characterization of translational
tiling by a Fourier analytic criterion. This criterion is also obtained in [12] by using a
result of Wiener.
The primary aim of this paper is to present an elementary method of describing
certain characterizations of spectra and tilings. We ﬁrst illustrate this method by
giving a simple proof of Theorem 1. We then use the same method to obtain several
characteristic results that are connected with the above-mentioned dual Fuglede’s
spectral-set conjecture. Furthermore, we derive a spectral-set criterion and a general
form of Theorem 1, which extend several known results in a simple manner. We also
answer a question of Lagarias and Wang [17] by giving examples to show that a
measurable set O with 0omðOÞoN and Zn\f0gDZðOÞ :¼ fuARn : #wOðuÞ ¼ 0g need
not tile Rn by translation, although such O gives a multiple tile of Rn: Finally, we
point out that the spectral-set duality conjecture and the weak spectral-set conjecture
formulated by Lagarias et al. [15] are equivalent.
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2. An elementary proof of Theorem 1
Suppose ﬁrst that L is a spectrum for O: Equivalently, from the Parseval identity,
we have the following fact. EL is an orthogonal basis for L
2ðOÞ if and only ifX
lAL
j/et; elSOj2 ¼ ðmðOÞÞ2; 8tARn
or X
lAL
j#wOðt  lÞj2 ¼ ðmðOÞÞ2; 8tARn; ð2:1Þ
where
#wOðuÞ ¼
Z
Rn
wOðxÞe2pi/u;xS dx; uARn ð2:2Þ
is the Fourier transform of the characteristic function wO; and j#wOðuÞj ¼ j#wOðuÞj:
It follows from the assumption and Plancherel’s theorem on L2ðRnÞ that
mðOÞ ¼ jjwOjj2L2ðRnÞ ¼ jj#wOjj2L2ðRnÞ ¼
Z
Rn
j#wOðtÞj2 dt
X
Z
S
lAL
ðDþlÞ
j#wOðtÞj2 dt ¼
Z
D
X
lAL
j#wOðt þ lÞj2 dt
¼
Z
D
ðmðOÞÞ2 dt ¼ mðDÞðmðOÞÞ2 ¼ mðOÞ; ð2:3Þ
which yields
S
lALðD þ lÞ ¼ Rn up to measure zero. Thus Lþ D is a tiling of Rn:
On the other hand, assume that Lþ D is a tiling of Rn: Since EL is orthogonal for
L2ðOÞ; it follows from the Bessel inequality thatX
lAL
j/et; elSOj2 ¼
X
lAL
j#wOðt  lÞj2pðmðOÞÞ2; 8tARn: ð2:4Þ
This is also sufﬁcient for the set of exponentials EL to be orthogonality in L
2ðOÞ:
Now, for any dARn; fD þ d þ lglAL is a partition of Rn (up to sets of zero
measure), we have
mðOÞ ¼
Z
Rn
j#wOðtÞj2 dt ¼
Z
Dþd
X
lAL
j#wOðt þ lÞj2 dt
p
Z
Dþd
ðmðOÞÞ2 dt ¼ mðDÞðmðOÞÞ2 ¼ mðOÞ: ð2:5Þ
Hence, X
lAL
j#wOðt þ lÞj2 ¼ ðmðOÞÞ2; ð2:6Þ
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for almost every t in D þ d; and since d is arbitrary, for almost every t in Rn: This
shows that EL is an orthogonal basis for L
2ðOÞ; equivalently, L is a spectrum for O:
The proof of Theorem 1 is complete.
The above proof also yields the following characteristic result that relates spectra,
packings and tilings for the same discrete set L:
Theorem 2. Let O; DCRn be subsets with finite positive Lebesgue measure. Suppose
that L is a discrete subset of Rn such that ðO;LÞ is a spectral pair. Then the following
conclusions hold:
(i) If ðD;LÞ is a packing pair, then mðDÞmðOÞp1:
(ii) If ðD;LÞ is a tiling pair, then mðDÞmðOÞ ¼ 1:
Proof. It follows from (2.1) and the above-used fact in (2.3) that
mðOÞ ¼
Z
Rn
j#wOðtÞj2 dtX
Z
D
X
lAL
j#wOðt þ lÞj2 dt ¼ ðmðOÞÞ2mðDÞ ð2:7Þ
holds if ðD;LÞ is a packing pair, while the equality holds if ðD;LÞ is a tiling pair. This
easily gives the desired results. The proof of Theorem 2 is complete. &
Remark 1. Theorem 2(i) is the main conclusion of Section 2 in [15]. The method
appeared in [15] cannot be used to prove (ii) simultaneously. On the other hand, Theorem
2(ii) gives a necessary condition for the dual Fuglede’s spectral-set conjecture to be hold.
3. A spectral-set criterion
In this section, we let OCRn be a Lebesgue measurable set with 0omðOÞoN; and
consider the problem of deciding whether a given set Lþ G is a spectrum for O: In
fact, we establish the following more general spectral-set criterion by using the same
method as in Section 2.
Theorem 3. Let O; DCRn be subsets with finite positive Lebesgue measure. Let LCRn
be a discrete set and GCRn be a finite set such that Lþ G is direct sum and ELþG is
orthogonal for L2ðOÞ: Suppose that ðD;LÞ is a tiling pair. Then ðO;Lþ GÞ is a spectral
pair if and only if mðOÞmðDÞ ¼ jGj:
Proof. Let G :¼ fg1; g2;y; gpg with jGj ¼ p: Then from the assumption, for any
1pjpp and dARn;
mðOÞ ¼
Z
Rn
j#wOðtÞj2 dt ¼
X
lAL
Z
Dþdþgjþl
j#wOðtÞj2 dt ¼
Z
Dþd
X
lALþgj
j#wOðt þ lÞj2 dt;
ð3:1Þ
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which yields
pmðOÞ ¼
Z
Dþd
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
Adt: ð3:2Þ
Suppose ﬁrst that ðO;Lþ GÞ is a spectral pair. ThenX
lALþG
j#wOðt  lÞj2 ¼
Xp
j¼1
X
lALþgj
j#wOðt  lÞj2 ¼ ðmðOÞÞ2; 8tARn: ð3:3Þ
From (3.2) and (3.3), we have
pmðOÞ ¼
Z
Dþd
ðmðOÞÞ2 dt ¼ ðmðOÞÞ2mðDÞ: ð3:4Þ
Thus mðOÞmðDÞ ¼ p ¼ jGj:
On the other hand, suppose that mðOÞmðDÞ ¼ p ¼ jGj; we need to show that (3.3)
holds. Since fel : lALþ Gg is orthogonal for L2ðOÞ; it follows from the Bessel
inequality and (3.2) that
pmðOÞ ¼
Z
Dþd
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
AdtpZ
Dþd
ðmðOÞÞ2 dt ¼ pmðOÞ: ð3:5Þ
Hence (3.3) holds for almost every tAD þ d; and since d is arbitrary, for almost
every tARn: This shows that ðO;Lþ GÞ is a spectral pair. The proof of Theorem 3
is complete. &
In the following of this section, we shall give several applications of Theorem 3.
(I) Let ZðOÞ :¼ fuARn : #wOðuÞ ¼ 0g: It is known that EL is an orthogonal set for
L2ðOÞ if and only if L LDZðOÞ,f0g: Since #wOð0Þ ¼ mðOÞ40; the continuity of
#wOðuÞ implies that L is uniformly discrete for the orthogonal set EL in L2ðOÞ: Recall
that a lattice with a base (periodic set) is a set of the form Lþ G where L is a lattice and
G is a ﬁnite set. A fundamental domain of a lattice L is a set D such that Lþ D is a tiling
of Rn:
Jorgensen and Pedersen [8] characterized sets O with L\f0gDZðOÞ and obtained
the necessity of the following Proposition 1.
Proposition 1. Let OCRn be a measurable set with 0omðOÞoN; and let L be a
lattice in Rn: Then L\f0gDZðOÞ if and only if
(i) The quotient q ¼ mðOÞ=mðRn=LÞ is a positive integer.
(ii) There exist fundamental domains D1; D2;y; Dq of the lattice L such that
O ¼ D1,D2,?,Dq; ð3:6Þ
where mðDi-DjÞ ¼ 0 for all iaj:
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Proof. We only need to prove that the given conditions (i) and (ii) are sufﬁcient for
L\f0gDZðOÞ: Observe from assumption (ii) that for each jð1pjpqÞ; ðDj ;LÞ is a
tiling pair, equivalently, ðDj;LÞ is a spectral pair. Hence EL is orthogonal for each
L2ðDjÞ; which yields L\f0gDð
Tq
j¼1 ZðDjÞÞ: Since
#wOðuÞ ¼
Z
O
e2pi/u;xS dx ¼
Xq
j¼1
Z
Dj
e2pi/u;xS dx ¼
Xq
j¼1
#wDj ðuÞ; ð3:7Þ
we get L\f0gDðTqj¼1 ZðDjÞÞDZðOÞ: This completes the proof. &
Based on Proposition 1, we have the following corollary of Theorem 3.
Corollary 1. Let OCRn be a measurable set with 0omðOÞoN; and let L be a lattice
in Rn: Suppose that GCRn is a finite set with ðG GÞ-L ¼ f0g such that ELþG
is orthogonal for L2ðOÞ: Then ðO;Lþ GÞ is a spectral pair if and only if
mðOÞ ¼ jGjmðRn=LÞ:
Proof. Let L :¼ MZn with invertible n  n matrix MAMnðRÞ: Then mðRn=LÞ ¼
ðjdetðMÞjÞ1: From the assumption and Proposition 1,
mðOÞjdetðMÞj ¼ q; ð3:8Þ
and O is given by (3.6).
It is known that ðDi;LÞ is a tiling pair if and only if ðMMT Di;LÞ is a tiling pair.
Let D :¼ MMT Di for a ﬁxed ið1pipqÞ: Then mðDÞ ¼ jdetðMÞj2mðDiÞ ¼ jdetðMÞj:
So, the desired conclusion follows from Theorem 3. The proof of Corollary 1 is
complete. &
Remark 2. (i) In the case when L ¼ Zn and O is of the form (3.6), the sufﬁcient part
of Corollary 1 is proposed as an open problem by Yang Wang. Pedersen [19] as well
as Lagarias and Wang [17] provided two different proofs to this problem. Lagarias
and Wang also proved the necessity of Corollary 1 by using Landau’s Theorems 3
and 4 in [18]. Both proofs in [17,19] are based on the necessity of Proposition 1, and
are lengthy.
(ii) Corollary 1 can be deduced from Theorem 3 directly by letting D be a
fundamental domain of the lattice L: So we have a proof not depending on
Proposition 1. As a result of the above proof, we point out that if O is a set of
ﬁnite non-zero measure which admits a periodic spectrum Lþ G; then there
exist fundamental domains D1; D2;y; DjGj of the lattice L such that
O ¼ D1,D2,?,DjGj with mðDi-DjÞ ¼ 0 for all 1piajpjGj:
(II) In Theorem 3, let L ¼ Zn; D ¼ ½0; 1
n and O ¼ ½0; 1
n þ A; where ACZn is a
ﬁnite set. Then the condition mðOÞmðDÞ ¼ jGj is reduced to jAj ¼ jGj: We associate
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to A the function AðxÞ :¼PaAA e2pi/a;xS: Then
#wOðuÞ ¼
Z
O
e2pi/u;xS dx ¼ AðuÞ
Yn
j¼1
1 e2piuj
2piuj
; ð3:9Þ
with the interpretation that ð1 exÞ=x ¼ 1 in the case when x ¼ 0:
For any ﬁnite set GCRn with ðG GÞ-Zn ¼ f0g; write l ¼ l þ a; m ¼ m þ b;
where l; mAZn; a; bAG: Since AðxÞ is periodic ðmodZnÞ function, we have from (3.9)
#wOðl mÞ ¼ Aða bÞ
Yn
j¼1
1 e2piðajbjÞ
2piðlj  mjÞ
: ð3:10Þ
For aab; it follows from a bAðG GÞ and ðG GÞ-Zn ¼ f0g that if none of
aj  bjð1pjpnÞ is integer, then from (3.10), #wOða bÞ ¼ 0 implies Aða bÞ ¼ 0:
If some aj  bjð1pjpnÞ are integers, we construct *a and *b such that *a *b is
obtained from a b by replacing those integers aj  bjð1pjpnÞ by 0. Without
loss of generality, we may assume that a1  b1;y; ak  bk are integers for a ﬁxed k
with 1pkon; while akþ1  bkþ1;y; an  bn are not integers. In this case, we let
*a ¼ ð0;y; 0; akþ1;y; anÞ; *b ¼ ð0;y; 0;bkþ1;y; bnÞ: Then
*a *b ¼ ð0;y; 0; akþ1  bkþ1;y; an  bnÞAðZn þ GÞ  ðZn þ GÞ: ð3:11Þ
From (3.9),
#wOð*a *bÞ ¼Að*a *bÞ
Yn
j¼kþ1
1 e2piðajbjÞ
2piðaj  bjÞ
¼Aða bÞ
Yn
j¼kþ1
1 e2piðajbjÞ
2piðaj  bjÞ
; ð3:12Þ
which shows that if #wOð*a *bÞ ¼ 0; then Aða bÞ ¼ 0: So, by letting ZA :¼ fxARn :
AðxÞ ¼ 0g; Theorem 3 yields the following.
Corollary 2. Let O ¼ ½0; 1
n þ A; where ACZn is a finite set. If GCRn is a finite set
with ðG GÞ-Zn ¼ f0g; then ðO;Zn þ GÞ is a spectral pair if and only if
jAj ¼ jGj and G GDZA,f0g: ð3:13Þ
Remark 3. (i) For positive integers N1; N2;y; Nn; in the special case when
GCð1=N1ÞZ? ð1=NnÞZ is a ﬁnite set of distinct residue classes ðmod ZnÞ; the
above Corollary 2 is stated as Theorem 2.3 in [17], which is used by Lagarias, Szabo´
and Wang (see [16,17]) to deal with the universal spectra. However, the proof
of the necessity of Theorem 2.3 in [17] is incorrect. For example, take
G ¼ fð1=4; 1=2Þ; ð1=2;1=2Þg and O ¼ ½0; 1
2 þ fð0; 0Þ; ð2; 2Þg in R2; one can
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see that (2.12) in [17] does not hold any more. The same error also appears in the
proof of Theorem 2 in [16]. The above discussion provides a procedure in correction.
(ii) It is known that for any nonsingular matrix MAMnðRÞ and discrete set
LCRn; ðO;LÞ is a spectral pair if and only if ðMO; ðMTÞ1LÞ is a spectral pair.
Many examples of spectral pair can also be obtained from Corollary 2, for instance,
Proposition 2.2 in [13]. In these examples, the set ZA plays an important role
(see [14]). Also note that, for certain matrix MAMnðZÞ with jdetðMÞj41; if A is a
complete residue system ðmod MÞ; then O ¼ ½0; 1
n þ A is both a spectral set and
a tile. In fact, since A þ MZn ¼ Zn; ð½0; 1
n; A þ MZnÞ is a tiling pair, so ðO; MZnÞ is
a tiling pair, equivalently, ðO; ðMTÞ1ZnÞ is a spectral pair or ðO;Zn þ ðMTÞ1BÞ is a
spectral pair for any set B which is a complete residue system ðmod MTÞ: Since
G :¼ ðMT Þ1B satisﬁes (3.13), the above assertion can also be obtained from
Corollary 2 directly. More generally, for any measurable set D in Rn; if D has a
periodic tiling set Lþ G; where L is a lattice and G is a ﬁnite set in Rn such that
ðG GÞ-L ¼ f0g; then Gþ D is both a spectral set and a tile.
(III) It follows from the necessity of Proposition 1 that the set O given by (3.6) is at
least a multiple tile of Rn with multiplicity q; using the tiling set L: Lagarias and Wang
[17] provided a Fourier-analytic proof of the necessity of Proposition 1 in the case when
L ¼ Zn; and proposed the following question. Does O tile Rn by translation? Here we
give several examples to show that the answer to this problem is not afﬁrmative.
Example 1. O ¼ D1,D2,D3; D1 ¼ ½0; 1
  ½0; 1
; D2 ¼ ½1; 2
  ½0; 1
; D3 ¼ ½3; 4

½0; 1
; and L ¼ Z2 in R2:
Since ZðOÞ ¼ fðx1; x2ÞAR2 : x1AZ\f0g or x2AZ\f0gg; the condition Z2\f0gD
ZðOÞ of Proposition 1 is satisﬁed. This set O is neither a tile nor a spectral set.
The fact that O is not a tile is obvious. To show that O is not a spectral set, we
assume on the contrary that there exists a discrete subset L of R2 such that (2.1)
holds. Then L has a density densL given by
densL ¼ ðmðOÞÞ
2R
R2
j#wOðxÞj2 dx
¼ ðmðOÞÞ
2R
R2
jwOðtÞj2 dt
¼ mðOÞ ¼ 3:
See [12]. On the other hand, from L LDZðOÞ,f0g; we have jl mjX1 for lam in
L: So, by letting D ¼ fxAR2 : jxjo1=2g;Lþ D is a packing of R2; which yields
densLpðR
R2
wDðxÞ dxÞ1 ¼ ðmðDÞÞ1; a contradiction. Hence O is not a spectral set.
Example 2. In R2; a polyomino is a rookwise connected set formed by joining unit
squares at their edges. A polyomino consisting of n unit squares is referred to as an n-
omino. For np6; the isometric copies of every n-omino tile the plane. In the 7-omino
O ¼ S6j¼0 Dj; the following 4 of them do not tile the plane (see [10]).
(1) Dj ¼ ½0; 1
  ½ j; j þ 1
; j ¼ 0; 1; 2; Dj ¼ ½ j  2; j  1
  ½0; 1
; j ¼ 3; 4; D5 ¼ ½2; 3

½1; 2
; D6 ¼ ½1; 2
  ½2; 3
:
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(2) Dj ¼ ½0; 1
  ½ j; j þ 1
; j ¼ 0; 1; 2; 3; 4; D5 ¼ ½1; 2
  ½4; 5
; D6 ¼ ½1; 2
  ½0; 1
:
(3) Dj ¼ ½0; 1
  ½ j; j þ 1
; j ¼ 0; 1; 2; 3; Dj ¼ ½ j  3; j  2
  ½3; 4
; j ¼ 4; 5; D6 ¼
½1; 0
  ½2; 3
:
(4) Dj ¼ ½0; 1
  ½ j; j þ 1
; j ¼ 0; 1; 2; 3; Dj ¼ ½ j  3; j  2
  ½2; 3
; j ¼ 4; 5; D6 ¼
½1; 0
  ½2; 3
:
For each of the above four sets O ¼ S6j¼0 Dj; the conditions of Proposition 1 are
satisﬁed with L ¼ Z2: However, none of them tiles R2 by translation.
Note that there are many such examples as the above connected or non-connected
set O: Each polyomino satisﬁes the conditions of Proposition 1 with L ¼ Z2; and
many polyominoes do not tile the plane by translation. By a result of Beauquier and
Nivat [1], we can decide whether a given polyomino P is a tile (i.e., an exact
polyomino). And if there exists a tiling set for a polyomino P; then there also exists a
lattice tiling set for the polyomino P: Hence an exact polyomino is also a spectral set
admitting a lattice spectrum. Polyominoes provide plenty of examples to the above
question of Lagarias and Wang. The next example, which also comes from
polyominoes, gives a positive answer, one can use the above-mentioned conclusion
to determine the spectrum and tiling set.
Example 3. O ¼ D1,D2,D3; D1 ¼ ½0; 1
  ½0; 1
; D2 ¼ ½1; 2
  ½0; 1
; D3 ¼ ½0; 1

½1; 2
; and L ¼ Z2 in R2: The conditions of Proposition 1 are satisﬁed.
Let
M ¼ 1 1
1 2
 
; G ¼ 0
0
 
;
1=3
1=3
 
;
1=3
1=3
  
:
Then O tiles R2 with lattice tiling set MZ2: Also O is a spectral set with periodic
spectrum Z2 þ G or with lattice spectrum ðMT Þ1Z2: Note that from Remark 3(ii),
there are many such matrices M and sets G:
4. General forms of Theorem 1
Note that the above established spectral-set criterion Theorem 3 has certain
relations with Theorems 1 and 2(ii), especially in the case when G ¼ f0g: It can also
be applied to characterize spectra and tilings. Therefore, the same approaches yield
the following general forms of Theorem 1.
Theorem 4. Let O; DCRn be subsets with finite positive Lebesgue measure.
Let LCRn be a discrete set and GCRn be a finite set such that Lþ G is direct
sum and ELþG is orthogonal for L2ðOÞ: Suppose that ðD;LÞ is a packing pair
and mðOÞmðDÞ ¼ jGj: Then Lþ G is a spectrum for O if and only if Lþ D is a tiling
of Rn:
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Proof. Let G :¼ fg1; g2;y; gpg with jGj ¼ p: Suppose ﬁrst that Lþ G is a spectrum
for O: Then (3.3) holds. Since ðD;LÞ is a packing pair, for each 1pjpp;
mðOÞ ¼
Z
Rn
j#wOðtÞj2 dtX
Z
S
lAL
ðDþgjþlÞ
j#wOðtÞj2 dt ¼
Z
D
X
lALþgj
j#wOðt þ lÞj2 dt: ð4:1Þ
From (3.3) and (4.1), we have
pmðOÞX
Z
D
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
Adt ¼ Z
D
ðmðOÞÞ2 dt ¼ pmðOÞ: ð4:2Þ
Hence
S
lALðD þ lÞ ¼ Rn up to measure zero, and Lþ D is a tiling of Rn:
On the other hand, suppose that Lþ D is a tiling of Rn: Then (3.1) and (3.2) hold.
Since fel : lALþ Gg is orthogonal for L2ðOÞ; it follows from (3.5) that ðO;Lþ GÞ is
a spectral pair. The proof of Theorem 4 is complete. &
In a similar way, we have the following
Theorem 5. Let O; DCRn be subsets with finite positive Lebesgue measure. Let LCRn
be a discrete set and GCRn be a finite set such that Lþ G is direct sum and ðD;Lþ GÞ
is a packing pair. Suppose that EL is orthogonal for L
2ðOÞ and mðOÞmðDÞ ¼ ðjGjÞ1:
Then L is a spectrum for O if and only if ðLþ GÞ þ D is a tiling of Rn:
Proof. As above, suppose ﬁrst that L is a spectrum for O: Then (2.1) implies
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2 ¼ pðmðOÞÞ2; 8tARn: ð4:3Þ
Since ðD;Lþ GÞ is a packing pair, we have
mðOÞ ¼
Z
Rn
j#wOðtÞj2 dtX
Z
S
lAL;1pjppðDþgjþlÞ
j#wOðtÞj2 dt
¼
Z
D
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
Adt ¼ pðmðOÞÞ2mðDÞ ¼ mðOÞ: ð4:4Þ
Thus ðLþ GÞ þ D is a tiling of Rn:
On the other hand, if ðLþ GÞ þ D is a tiling of Rn; then for any dARn;
mðOÞ ¼
Z
Dþd
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
Adt: ð4:5Þ
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Since EL is orthogonal for L
2ðOÞ; it follows from (2.4) thatXp
j¼1
X
lALþgj
j#wOðt þ lÞj2ppðmðOÞÞ2; 8tARn: ð4:6Þ
So, from (4.5) and (4.6),
mðOÞ ¼
Z
Dþd
Xp
j¼1
X
lALþgj
j#wOðt þ lÞj2
0
@
1
Adt
p
Z
Dþd
pðmðOÞÞ2 dt ¼ pðmðOÞÞ2mðDÞ ¼ mðOÞ; ð4:7Þ
which gives (4.3). From (4.3) and (2.4), we get (2.1). The proof of Theorem 5 is
complete. &
5. Note on the two conjectures
In this section, we shall show that the spectral-set duality conjecture and the weak
spectral-set conjecture, as stated in [15], are equivalent. We ﬁrst recall the following
deﬁnitions.
Deﬁnition 1. Let O be a regular region in Rn: A regular region D is said to be an
orthogonal packing region for O if ðD0  D0Þ-ZðOÞ ¼ |:
From this deﬁnition, if D is an orthogonal packing region for O; and EL is an
orthogonal set in L2ðOÞ; then L is a packing set for D: Since ZðOÞCRn\Bð0; rÞ for
some r40; each regular region O has an orthogonal packing region D given by a ball
Bð0; rÞ: The larger we can take D; the stronger the restrictions imposed on L: In this
respect, we shall provide a upper bound for the above r if a regular region O is a
spectral set.
Proposition 2. Let rn be the maximal radius such that ZðOÞCRn\Bð0; rnÞ for a
spectral set O: Then
r2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃ
3
p
3mðOÞ
s
and rnp
2ﬃﬃﬃ
p
p dnGð
n
2
þ 1Þ
mðOÞ
 1=n
ðnX3Þ; ð5:1Þ
where dn is the maximum density of any packing in IRn with equal balls.
Proof. Let L be a spectrum for O: Then from (2.1), L has a density densL given by
densL ¼ ðmðOÞÞ2
Z
Rn
j#wOðxÞj2 dx
 1
¼ mðOÞ: ð5:2Þ
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From ðL LÞ\f0g DZðOÞCRn\Bð0; rnÞ; we have jl mjXrn for any lam in L:
By letting Dn ¼ fxARn : jxjorn=2g; we obtain that Lþ Dn is a packing of Rn:
The density of the packing Lþ Dn is
mðDnÞdensL ¼ p
n=2
Gðn
2
þ 1Þ
rn
2
 n
mðOÞ; ð5:3Þ
which is at most dn with d2 ¼ p=
ﬃﬃﬃﬃﬃ
12
p
: So (5.1) follows and Proposition 2 is
proved. &
Note that dn is an important constant in the theory of sphere packings. It is known
that d2 ¼ p=
ﬃﬃﬃﬃﬃ
12
p
; d3p0:77305; Rogers’ upper bound for dn is the presently known
best bound for 4pnp42; and above that the Kabatiansky–Levenshtein bound takes
over. Therefore, from a result of Levenshtein (see Chapter 1 in [2]),
dno
1
ðGðn
2
þ 1ÞÞ2
gn
2
4
 n
; ð5:4Þ
for all nX2; where gn
2
is the smallest positive zero of the Bessel function
Jn
2
ðxÞ; g1E3:831706; g3
2
E4:493418 and g2E5:135632: For the unit ball O ¼ fxARn :
jxjo1g; mðOÞ ¼ pn=2=Gðn
2
þ 1Þ;
#wOðuÞ ¼
Z
O
e2pi/u;xS dx ¼ jujn=2Jn
2
ð2pjujÞ; ð5:5Þ
the exact constant rn in Proposition 2 is just
1
2pgn2
: In this case, it follows from (5.4)
that rn ¼ 12pgn2 is larger than the upper bound given by (5.1). Hence we have the
following corollary due to Fuglede [3], Iosevich et al. [5] (also see [4,6] for a more
general result).
Corollary 3. The ball in Rn with nX2 is not a spectral set.
In the further investigation of the spectral-set and related problems, it is
unsatisfactory to take the orthogonal packing region to be a ball. Theorem 2(i)
shows that if O is a spectral set and if D is an orthogonal packing region for O; then
mðOÞmðDÞp1: Kolountzakis [11] showed that if O tiles Rn and if D is an orthogonal
packing region for O; then mðOÞmðDÞp1:
Deﬁnition 2. An orthogonal packing region D for O is tight if mðOÞmðDÞ ¼ 1:
It is known that if D is a tight orthogonal packing region for O; then for any
nonsingular matrix MAMnðRÞ; the set ðMTÞ1D is a tight orthogonal packing
region for MO: Theorem 1 shows that if D is a tight orthogonal packing region for O
and if L is a spectrum for O; then Lþ D is a tiling of Rn:
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Deﬁnition 3. A pair of regular regions ðO; DÞ is a tight dual pair if each is a tight
orthogonal packing region for the other.
From this deﬁnition, one can see that if ðO; DÞ is a tight dual pair then for any
nonsingular matrix MAMnðRÞ; ðMO; ðMTÞ1DÞ is also a tight dual pair.
Lagarias et al. [15] formulated the following two conjectures.
Conjecture 1 (Spectral-set duality conjecture). If ðO; DÞ is a tight dual pair of regular
regions and if O is a spectral set, then D is also a spectral set.
Conjecture 2 (Weak spectral-set conjecture). If ðO; DÞ is a tight dual pair of regular
regions and if one of them tiles Rn; then so does the other, and both O and D are
spectral sets.
We show that Conjectures 1 and 2 are equivalent. The proof is based on the
following observations:
(i) ðO; DÞ is a tight dual pair3ðD;OÞ is also a tight dual pair.
Furthermore, from Theorem 1, we have
(ii) Let ðO; DÞ be a tight dual pair. If one of ðD;OÞ is a spectral set, say O; then the
other set D tiles Rn:
The converse of this statement is also true (see Theorem 9 in [11]). In fact, if there
exists a discrete subset L of Rn such that Lþ D is a tiling of Rn; then wD  dL ¼ 1
which yields #wD #dL ¼ d0; where dL ¼
P
lAL dl and dl is a unit point mass at l:
In view of Deﬁnition 3, the support of wO  *wO is contained in the support of #wD
and ðmðOÞÞ2ðwO  *wOÞð0Þ ¼ #wDð0Þ; where *wOðxÞ ¼ wOðxÞ: It follows that
ðmðOÞÞ2ðwO  *wOÞ#dL ¼ d0 which gives j#wOj2  dL ¼ ðmðOÞÞ2: This shows that (2.1)
holds and L is a spectrum for O: Therefore, we have
(iii) Let ðO; DÞ be a tight dual pair. Then L is a spectrum for O3Lþ D is a tiling
of Rn:
Conjecture 2 ) 1: Let ðO; DÞ be a tight dual pair, if one of them, say O; is a
spectral set, then the above conclusion (ii) or (iii) shows that D tiles Rn: From (i) and
Conjecture 2, we obtain that O tiles Rn and D is a spectral set. Hence Conjecture 1
holds.
Conjecture 1 ) 2: Let ðO; DÞ be a tight dual pair, if one of them, say O; tiles Rn;
then the above conclusions (i) and (iii) show that D is a spectral set. From
Conjecture 1, we get that O is also a spectral set. Applying the conclusion (ii), we
thus obtain that D tiles Rn: Hence Conjecture 2 holds.
This completes the proof of equivalence of Conjectures 1 and 2.
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